Uf(.)=u(.)f(T.) all feX,
where % is a unimodular function and T is a set isomorphism of the underlying measure space. That other types of isometries occur if the symmetry condition is not present is illustrated by an example. We completely describe the isometries of a reflexive Orlicz space LMΦ(Γ^L Z ) provided the atoms have equal mass (the atom-free case has been treated by G. Lumer); similarly for the case that no Hubert subspace occurs.
We shall reproduce some definitions and results from [4] which will be needed in the sequel. DEFINITION . Let X be a vector space. A semi-inner-product on X is a mapping [, ] of XxX into the field of numbers (real or complex) such that [x + y,z] = [x, z] + [y, z] X [x, z] = [Xx, z] for all x, y, ze X and λ sealer . We call X a semi-inner-product space (in short, s.i.p.s.). If X is a s.i.p.s., one shows easily that [x, x] ιβ is a norm on X. On the other hand, let X be a normed space and X* its dual. For each xe X, there exists by the Hahn-Banach theorem, at least one (and we shall choose one) functional WxeX* such that ζx, WV> -\\x\\ 2 . Given any such mapping W from X into X* (ank in general, there are infinitely many such mappings), it is at once verified that [x, y] = (x, Wy) defines a semi-inner-product (s.i.p.). 1* A general setting* We shall call an algebra A over the complex field C a *-algebra if there is a mapping * defined on A satisfying:
( i) aeA implies α* e A.
(ii) (α + 6)* = a* + 6* and (λα)* = λα*.
(iii) (a*)* = a and (αδ)* = δ*α* for all a,beA and λeC. An element a such that α* = a is said to be self-adjoint (s.a.). Every element a of a *-algebra can be written in a unique way: a = u + ίv where u and v are s.a. A *-algebra-isomorphism p is an algebra isomorphism on a *-algebra A with the condition that (ρ(a))* = p{a*) for all a in A.
Let X be a complex s.i.p.s. and A be a *-algebra with a topology. Assume that X is a two-sided module over A. Suppose that there is a net {e a } in A such that lim α fe a = / for all / in X. For a *-subalgebra A o of A such that A o is a subset of X, and {e α } is contained in A Q , the following holds: THEOREM [6] over a σ-fϊnite measure space (Ω, Σ, μ) . LEMMA 
Assume that ω is a measurable subset of Ω and let P be the projection of X onto the subspace E of functions in X vanishing outside a). Then for any hermίtian operator H on X, PHP is a hermitian operator on E.
Proof. Since X has absolutely continuous norm X* = X', the associated space of X. Let IF be a mapping as before. Then a consistent s.i.p. on X is given by: with each g e X,
[/, g] = <f, Wgy = j fWg for all /e X .
Without loss of generality we can take Wg to be χ Wg if g e E where χ is the characteristic function of co. Then for all g e E such that || g || = 1, we obtain
which is real valued. Thus PHP is hermitian on E. LEMMA 2. [5, Lemma 7] . // h e L w is a real function, the operator H h , defined by H h f'= hf for all feX, is a bounded hermitian operator on X; and \\H h \\ = ||A||oo.
We shall use the following fact several times later. 236 K. W. TAM LEMMA 3. For a, β, 7 complex numbers such that e zθ a -j-e~i θ β + 7 is real for all 0 ^ θ < 2ττ, £/&e% a = β and 7 is reαZ.
Let E be a two-dimensional Banach space. Denote the element / of E as a function defined on the set Ω -{x, y). We shall assume that the norm in E has the following properties:
(1) 11/11 = 111/111.
(2) I / I ^ I g I implies that \\f\\^\\g\\ with all f,geE. The real functions in E can be considered as points in the twodimensional Euclidean plane; let 7 be the convex curve of the boundary of its real unit ball. At each point pey there is a supporting hyperplane, and suppose that the normal vector at p to the hyperplane is given by {a, β). We shall define sgn g as the function
Proof. Clearly it is linear in / and [g, g] = ||#|| 2 . First we assume that / and g are real valued. The fact that \\g\\ = |||#||| implies that the curve 7 is symmetric with respect to both axes. The function A(g){sa(g) + tβ(g)} has absolute value no greater than one on the region between the two lines L x and L 2 where they are two chosen supporting hyperplanes at (| g(x) \/\\ g ||, | g(y) \l\\g\\) and (-\g{x)\l\\g\\, ~\g{y)\l\\g\\) with normal vectors (a(g),β(g)) and (-a(g), -β(g)) respectively. So that A(g) \\ g \\ {| sa(g) \ + | tβ(g) \}^\\g \\ for all (β,t)6 7. For all nonzero fe E, (\f(x) \/\\ f \\,\f(y) \/\\ f ||) e 7, we obtain
β(g) 1} ^ 11 / 11 11 flr 11 . Now in the above inequality, only the absolute values are involved, it holds for all complex functions / and g as well.
Let X n be a ^-dimensional real Banach space (n ^ 2) and S its unit ball. We shall fix a basis for X n and denote every element x as a point in the w-dimensional Euclidean space E n . Define a function Proof. If x is a point of S\ then the norm function is Gateaux differentiable at x [7] . Therefore with i = 1, 2, ., n
Suppose W is as before, then from [5, Lemma 1] \\x\\^-(x) = <e\ Wx>= [e\x] .
Since the norm topology of X n and that of E n are equivalent, the weak star compactness of the unit ball of X* and the smoothness of S' implies that this mapping W is weak star continuous on £'. Thus 3F/dXi(x) is continuous on S'. 
the function F(s, t) = || (s, ί)|| -1 is differentiate at (s,t)eS'
The hyperplane is thus given by the tangent plane. So that for all g e E such that g(x) Φ 0 Φ g(y) 9 the linear functional in Lemma 4 can be replaced by [/, g] 
and we obtain the equation 
2 is real, α is real; similarly cί is real.
3* Discrete symmetric Banach function spaces* Let X be a Banach function space with absolutely continuous norm and the measure is purely atomic; so that X is a sequence space. Assume that X is symmetric, i.e., if / in X and φ is an isomorphism of the atoms, then 11/11 = \\f(Φ)\\. Choose the set of all characteristic functions of atoms to be a fixed basis for X. Let H be a hermitian operator on X and be represented as an infinite matrix (a {j ), then Lemmas 1 and 6 imply that a iS = a H . LEMMA 
// there is a hermitian operator H on X such that its matrix representation is not diagonal, then there is a hermitian operator H
r on X with all nonzero off diagonal entries.
Proof. We write H = (α^ ). Assume that without loss of generality that α 12 Φ 0; then α 21 Φ 0. Suppose that i t is the smallest positive integer such that a lit = 0. Define TJ 1 on X as operator obtained from the identity I by interchanging its 2nd and vth row. Then U x is isometric and H ι = ΌJELUί is hermitian. Choose a x > 0 such that 11 a 1 H 1 11 ^ 1/2 and the matrix entries of a l5 of H + a Y H x are nonzero for all 2 ^ j ^ i x . Assume that this has been done for i n steps and let i Λ+1 be the smallest integer greater than i n such that a ιin+1 = 0. Again let H n+ι = U n+1 H n+1 U n+1 where U n+1 is the isometric operator obtained from / by interchanging the 2nd and i w+1 -th row. Take  a , x n ) in X % is of unit norm where 0 ^ θ < 2τr. The restriction of £P to X n , H n = (αϋ)<,i=i,2,...n is hermitian by Lemma 1 and [H n is real valued. By Lemma 3 we obtain the system of equations:
For every real number β, let U be a diagonal matrix whose first diagonal element is e~ί β and the rest is one. In place of H r we substitute UH'U~\ Then the resulting matrix elements are changed only for the first row and first column; and the subsequent form of equations (1) 
, n -1, we add a kl e~ί β /a kl multiple of k-th row to the first row. We obtain by the condition that a ιk = a kl a matrix of non-zero diagonal elements and whose entries above diagonal are zero. Thus the polynomial P is not identically zero and the original matrix has rank n -1 for some β. Thus we may assume that the system (1) is linearly independent. This implies that the normal vector (a 19 a 2 , , a n ) is uniquely determined up to a multiple of constant. The proof is complete. THEOREM 
Suppose that H is a hermitian operator on X, then either there is real valued function hel^ such that

Hf= hf for all feX and \\H\\ = ||&||oo or else X is a Hilbert space. Conversely for every real valued function hel^ the above formula defines a hermitian operator on X.
Proof. The converse is the content of Lemma 2. Assume that there is a hermitian operator H on X which is not diagonal, then Lemmas 7 and 9 imply that the function F defined on E n , given by
) || -1, is differentiate at points of S'. So that the supporting hyperplane at geS' is given by tangent place and the system (1) can be replaced by
, n -1. Observe that the function Σ? =1 x\ satisfies this system. Let x° -(x°u x°2 f , x°n) be a point on the unit ball and Σ?=i(&S) 2 = K for some K> 0. For all other xeS' which is on this sphere we have This will suffice to imply that X n is a Hilbert space, since an inner-product on it can be found to give the original norm. The absolute continuity of the norm thus implies that X is a Hilbert space. If X is not a Hubert space, then every H on X is real diagonal and the rest is clear. THEOREM 
F(x) = F(x°) + ( grad F = \ ±^ds
Suppose U is an isometry from X onto itself and assume that X is not a Hilbert space. Then there is a fixed unimodular function u and an isomorphism T of atoms such that Uf(.) = u(.)f(T.)
for all feX.
Conversely such a transformation always defines as isometry on X.
Proof. The line of argument follows that of Theorem 5 below. u is unimodular because of the symmetry condition on X. Proof. Assume that L MΦ is not a L 2 space. Let Ω f be a nonzero atom and χ' its characteristic function. Suppose that Hχ' is not zero on a nonatomic set Ω", and \ Hy' Φ 0. Take χ" to be the characJi2" teristic function of Ω". Then for a ^ 0 we obtain the equality as in the proof of Lemma 11 [see 5]:
where Ψ -1/2(Φ + + Φ~) and Φ + , Φ~ are the right and left hand derivatives of Φ respectively. Since Ω" is nonatomic, we may replace Ω" by subset of Ω" with arbitrarily small measure, so that REMARK. Let μ be a σ-ίinite measure and Ω -U?=i ®n where {Ω n } is a fixed increasing sequence of measurable sets with finite mass. Suppose that for each n, P n is the projection onto the subspace X n of functions restricted to Ω n . H n = P n HP n is hermitian. As L MΦ has absolutely continuous norm, we have for g e L MΦ \\ Hg -HP % g \\ -• 0 as n-+ oo, and \\Hg -H n g \\ ^\\Hg-HP n g \\ + || HP n g -H % g ||, so that Hg -lim % H n g. Thus we show that Theorem 4 holds for ^-finite measure as well. there is a sequence {/J in L5/α> such that /»--*/ as ^-^oo. Since the norm is absolutely continuous, there is a subsequence {f nk } such that ϊ// nΛ -> Uf a.e. Thus Uf=0 on ω. But Z7 is onto and χ ω is in the range of U. Hence u is nonzero a.e. Proof. It is routine to show that T is regular. Let feL MΦ be a ^ / < b on a measurable set ω and zero elsewhere. Assume that {f n } is a sequence of step functions whose values lying between a and b on ω and zero elsewhere, such that f n -+f as w--» oo. Then Uf n = up(f n ) converges to 17/ = w/0(/) as n -• oo. There is a subsequence up(fn k ) converging to up(f) a.e. Since w Φ 0, p(/ njfc ) -• /0(/) a.e. We denote the step function p(f nj ) as f nk {T-\) .
Then a ^f %k {T-1 .) < b on Tω; p(f), the a.e. limit of f nk (T~\) , has the same property. We shall let this function be g. For any nonnegative function / of L MΦ1 let ω n = {x: n ^ f(x) < n + 1} and / w be the restriction of / to ω n . Then g n is n^ g n < n + 1 on !Yo w and zero elsewhere. Since T is regular, we can compose these functions to be a function g; and denote it by f(T~~1.). Extend this definition to negative and then complex functions. The mapping so defined is clearly linear.
Combining the results, we obtain the following isometry theorem: Therefore || Uf\\ = || / || = 1. C/ is isometric.
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